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Abstract. The concept of diffusion in collisionless space
plasmas like those near the magnetopause and in the geo-
magnetic tail during reconnection is reexamined making use
of the division of particle orbits into waiting orbits and break-
outs into ballistic motion lying at the bottom, for instance, of5
Lévy flights. The rms average displacement in this case in-
creases with time, describing superdiffusion, though faster
than classical, is still a weak process, being however strong
enough for supporting fast reconnection. Referring to two
kinds of numerical particle-in-cell simulations we determine10
the anomalous diffusion coefficient, the anomalous collision
frequency on which the diffusion process is based, and con-
struct a relation between the diffusion coefficients and the re-
sistive scale. The anomalous collision frequency from elec-
tron pseudo-viscosity in reconnection turns out of being of15
the order of the lower-hybrid frequency with the latter pro-
viding a lower limit, thus making similar assumptions phys-
ically meaningful. Tentative though not completely justified
use of the κ distribution yields κ≈ 6 in the reconnection dif-
fusion region, and the anomalous diffusion coefficient the or-20
der of several times Bohm diffusivity.
Keywords. Diffusion, Lévy flights, κ-distribution, Recon-
nection
1 Introduction25
Anomalous diffusion is the summary heading of all processes
where the ensemble averaged mean-square displacement
〈x2〉 ∝ tγ deviates from linear time dependence γ = 1 with
classical (Einstein) diffusion coefficient Dcl = 2Tνc/m,
with T temperature, and νc classical binary collision fre-30
quency. For γ > 1 one speaks of superdiffusion, which is
of particular importance in the collisionless space plasma
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where classical diffusion is practically inhibited on all phys-
ically interesting processes. (The less interesting case γ < 1
would refer to subdiffusion.) One of those processes is re-35
connection, the dominant mechanism for plasma and mag-
netic field transport across magnetic boundaries represented
by thin current sheets/layers.
Reconnection has the enormous advantage over global dif-
fusion of being localized, with the main physics of magnetic40
merging and plasma mixing taking place in an extraordinar-
ily small spatial region the linear size shorter than the elec-
tron inertial length <λe = c/ωe. In this note, based on avail-
able numerical simulations, we demonstrate by estimating
the anomalous collision frequency νa that magnetic merging45
during reconnection can well be understood as a localized
anomalous diffusion process. This result satisfactorily uni-
fies the two originally different views on plasma transport
across an apparently impermeable boundary like the magne-
topause.50
Anomalous diffusion is also of interest in cosmic ray
physics, where it is frequently described as quasilinear dif-
fusion resulting from wave-particle interactions, formulated
in the Fokker-Planck phase space-diffusion formalism. Un-
fortunately, most of the observed diffusive particle spectra55
(cf., e.g. Christon et al., 1989, 1991, for the most elaborate
observations in near-Earth space) barely exhibit the shapes
resulting from quasilinear diffusion. They turn out power
law both in energy and momentum space, most frequently
being described best by so-called κ-distributions60
p(κ|x) =Aκ
(
1+
x2
κ`2
)−(κ+1+d/2)
(1)
with normalization factor A, d dimensionality, and ` corre-
lation length (cf., e.g., Livadiotis & McComas, 2010, 2011,
2013, for an almost complete compilation of the properties
of κ-distributions) with high-energy/high-momentum slopes65
to which the parameters κ are related. Estimated κ values
from the magnetospheric observations range in the interval
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2 R. A. Treumann and W. Baumjohann: Superdiffusion
5<κ< 10 (Christon et al., 1991). Such distributions were
introduced by Vasyliunas (1968), following a suggestion by
S. Olbert, as best fits.1 In the time-asymptotic limit, κ distri-70
butions were explicitly derived by Hasegawa et al. (1985) and
Yoon et al. (2012). Their q-equivalent relation to superdif-
fusion has also been suggested (Tsallis et al, 1995; Prato
& Tsallis, 1999; Bologna et al, 2000; Gell-Mann & Tsallis,
2004, and references therein).75
For the present puroposes we make no direct use of these
distributions as they, apparently, play no role in reconnection.
Rather, as we demonstrate, anomalous diffusion in reconnec-
tion results from processes leading to waiting statistics and
causing gyro-viscosity.80
2 Diffusion process
Collisionless dissipation and related diffusion is mediated in
a wider sense by collisionless turbulence (cf., e.g., Allegrini
et al., 1996). Here binary collision times τc τa by far ex-
ceed anomalous interaction times. Any real non-collisional85
diffusion proceeds on times much shorter than classical (in
comparison infinite) diffusion times with absolute values of
anomalous diffusion coefficients being small.
The superdiffusion process can be considered as a se-
quence of «waiting times» when the particle is in a quasi-90
stationary trapped state followed by «breakouts» into ballis-
tic motion until the next trapping and waiting period starts
(Shlesinger et al., 1987; Klafter et al., 1990). Such particle
motions are typical, for instance, for Lévy flights (cf., e.g.,
Shlesinger et al., 1993).95
Working in d-dimensions, the probability of a particle to
occupy a particular volume element during a process, as-
sumed to be caused by some unspecified (nonlinear) inter-
action between particles and plasma waves, is most conve-
niently formulated in wave number space k with probability100
spectrum
p(k)∝ exp(−akα), (2)
where a is some positive constant, and 0 < α ∈ R a real
number. α≥ 2 reproduces the classical Gaussian probabil-
ity spectra (Tsallis et al, 1995). Non-Gaussian spectra have105
flatter tails implying α< 2, indicating superdiffusion. The
1Theoretical attempts of justifying solar wind κ-distributions
followed, invoking wave-particle interactions with inclusion of
residual binary collisions (Scudder & Olbert, 1979). Statistical me-
chanical arguments were based on nonextensive statistical mechan-
ics (Tsallis, 1988; Gell-Mann & Tsallis, 2004). From kinetic the-
ory they were identified as collisionless turbulent quasi-stationary
states far from thermal equilibrium resulting from anomalous wave-
particle interactions (Treumann, 1999a,b). There the role of the
temperature T as thermodynamic derivative was clarified (see also
Livadiotis & McComas, 2010). The relation between the nonexten-
sive q and the κ parameters was given first in Treumann (1997).
connection of the above probability spectrum to real space
distributions, in particular to κ distributions, is non-trivial.
The diffusion process can be envisaged as consisting of a
sequence of n steps (cf., e.g., Treumann, 1997) bridging the110
time from t= 0 to t= tn with the particle jumping from first
waiting to nth waiting position, the expectation value of the
latter becomes
〈x2(n)〉=
∫
x2p(n|x)ddx, p(n) =
n∏
1
p(i). (3)
The nth expectation value is proportional to the random115
mean square of the displacement x2 and a power of the
elapsed time sequence. Working in Fourier (or momentum)
space k, multiplication of the probabilities yields
p(n|k) = pn(k)∝ exp(−ankα)∼ p(k′) (4)
with p(k′) the probability of the nth time step. Hence k′=120
kn1/α. Any real space coordinate therefore scales as x→
xn−1/α. For the real-space probability this implies that
p(n|x) ddx −→ p(x/n1/α) ddx/nd/α (5)
yielding from Eq. (3) for the nth displacement expectation
value125 〈
x2(n)
〉
=n2/α〈x2〉 (6)
with α< 2 not precisely known but to be determined below
from numerical simulations. The mean-square displacement
should be obtained from the second moment of the underly-
ing real-space distribution function, for instance the κ distri-130
bution, yielding
〈x2〉= 12dκ(κ+1)`2 (7)
an expression we will make tentative (not fully justified and
for the present purposes marginal) use of only at the very end
in application to reconnection.135
3 Diffusion coefficient
In using probability steps n, time has been discretized into
pieces of free flight, waiting and some kind of interaction. In
the average the interaction is covered by a fictitious anoma-
lous collision frequency νa. Ordinary binary collision fre-140
quencies νc are very small, suggesting a scaling νa νc
with the anomalous timescale ν−1a = τa τc = ν−1c much
less than the collision timescale τc. The diffusion process
takes place in a time t< τc. Replacing the time steps n→ νat
the mean square nth displacement becomes145
〈x2(t)〉= 〈x2〉(νat)2/α (8)
With γ = 2/α it defines the anomalous diffusion coefficient
Da when multiplying by τ−1a = νa
Da(d,t) = 〈x2〉(νat)2/ανa≡Dca(νat)2/α (9)
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as a function of time tνa. Since νa νc, it is much less150
than the classical diffusion coefficient which in this case
would correspond to free flight. Under anomalous collisions
the free flight is abruptly interrupted and reduced to non-
stochastic diffusion by the finite anomalous collision fre-
quency νa.155
4 Evolution
Estimates of diffusion coefficients respectively γ based on
observations in space plasma are not only rare but unreli-
able. They suffer from the practical impossibility of any suf-
ficiently precise determination of particle displacements as160
function of time and the subsequent transition to the asymp-
totic state. In addition they are mostly based on quasi-
linear theories of particular instabilities (Sagdeev, 1966;
Liewer & Krall, 1973; Huba et al., 1977; Davidson, 1978;
Sagdeev, 1979; Huba et al., 1981; LaBelle & Treumann,165
1988; Treumann et al., 1991; Yoon et al., 2002; Matthaeus
et al., 2003; Daughton et al., 2004; Ricci et al., 2005; Royter-
shteyn et al., 2012; Izutsu et al., 2013) which do not properly
account for any nonlinear interactions.
We therefore refer to high-resolution particle-in-cell sim-170
ulations (Scholer et al., 2000) performed in order to deter-
mine the cross-magnetic field diffusion of ions near quasi-
perpendicular shocks. The results are compiled in Figure 1.
The right-hand side of the figure shows one macro-particle
orbit arbitrarily selected out of the large number of parti-175
cles used in the simulation to determine their instantaneous
displacements from the origins of their trajectories in the
simulation as function of simulation time measured in units
of their identical (energy-independent) gyration frequency
ωci = eB/mi in the total magnetic field, which is the sum180
of the ambient and the self-consistently generated turbulent
wave magnetic field. The particle shifts its position perpen-
dicular to the magnetic field from its start point to the end
point in the simulation. It is found in a slowly changing
waiting position, performs jumps to new waiting positions,185
and ends up during a final jump. Such an orbit it neither adi-
abatic nor stochastic.
The left part of the Figure shows the average displacement,
ensemble averaged over the entire particle population, as
function of simulation time. After performing an initial oscil-190
lation the average displacements settle into an about smooth
continuously increasing curve of constant slope 〈(∆x)2〉 ∝
t1.17.
The slope of the final evolution of the average displace-
ment is close to but by no means identical with classical dif-195
fusion which is shown by the slope of the two straight lines
in the figure. Though the deviation in the slope is small, it
is nevertheless substantial and statistically significant, indi-
cating a superdiffusive process which deviates from classical
diffusion. (We should note that, because of the large num-200
ber of ∼ 6.3×106 macro-particles used in the simulation of
which 525000 had high energies and contribute most to the
mean displacement as well as for the high time resolution,
the statistical error of the measurement is smaller than the
width of the line in this figure!)205
Adopting the probability spectrum based theory the exper-
imentally determined slope of 2/α≈ 1.17 of the average dis-
placement in Figure 1 tells that in these simulations one had
α≈ 1.71 (experimental) (10)
a value substantially far away from the Gaussian limit spec-210
tral slope α= 2 and being less than it, thus indicating quite
strong superdiffusion.
5 Transition to collisional state
Anomalous diffusion proceeds on a faster than classical time
scale with time dependent diffusion coefficient which justi-215
fies the term superdiffusion. In spite of this, the coefficient
Dca = 〈x2〉νa in front of the time factor determining the ab-
solute magnitude of the diffusion is generally small. It does
not compensate for the absolute smallness of the diffusion
coefficient. When, after a long time has elapsed the order220
of the classical collision time τc, classical diffusion takes
over scattering some particles to larger, some others back to
smaller displacements and setting the collisionless process
temporarily out of work. The average displacement of the vi-
olently scattered particles whose displacement line has been225
smeared out suddenly over a large spatial domain may now
follow the classical linear temporary increase.
One single elapsed binary collision time may not suffice
to stop the nonlinear collisionless interaction process. The
widely scattered particle population may still have sufficient230
freedom to organize again into a softened collisionless dif-
fusion which lasts until the next binary collision time has
passed. During this second collisionless period the slope
should be flatter than the initial collisionless slope, and af-
ter statistically sufficiently many periods of elapsed classi-235
cal collision times no collisionless mechanisms revives any-
more. Diffusion has by then become completely classical.
These sequences are schematically shown in Figure 2.
6 Discussion
Waiting statistics offers an approach to anomalous diffu-240
sion in various regions of space plasmas where classical
(and neo-classical) diffusion processes are inappropriate, vi-
olently failing to explain the transport of plasma and mag-
netic field. Application to numerical simulations near col-
lisionless shocks determined the value of α ≈ 1.71 which245
turns out to be close to but sufficiently far below its classical
(Gaussian) limit α= 2 for identifying superdiffusion. Su-
perdiffusion coefficients obtained are small but increase with
time.
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Fig. 1. Two-dimensional numerical simulation results of the mean downstream perpendicular displacement of ions near a quasi-perpendicular
supercritical shock (shock normal angle θ= 87◦, Alfvénic Mach numberMA = 4 as function of simulation time (simulation data taken from
Scholer et al., 2000, courtesy American Geophysical Union). Distances are measured in ion inertial lengths λi = c/ωi with ωi ion plasma
frequency. Left: The particle displacement performs an initial damped oscillation before settling into a continuous diffusive increase at time
about ωcit∼ 40 [in units of the ion gyro frequency ωci]. The further time-evolution deviates apparently only slightly from the classical
(linear) increase of the mean displacement, following a 〈(∆x)2〉 ∝ (ωcit)1.17 power law. (Note that simulation-time limitations did not
allow monitoring the long-time evolution of the ensemble-averaged square displacement, thus inhibiting determination of the final state of
the diffusion process.) Right: Late time trajectory of an arbitrary ion of the sample used. The orbit is projected into the plane perpendicular
to the mean magnetic field which consists of a superposition of the ambient and wave magnetic fields. The ion orbit is neither an undisturbed
gyro-oscillation nor a smooth stochastic trajectory. It consists of waiting (trapped gyrating) parts and parts when the ion suddenly jumps
ahead a long distance cause by some brief but intense interaction between the particle and wave spectrum. This break out of gyration is
typical for rare extreme events like those in Lévy flights referred to in the present paper.
The present theory is based on constant α for the en-250
tire diffusion process. This might be unrealistic. Real
powers α[Ww(t)] will turn out functionals of the time-
dependent turbulent wave levels Ww(t) which are gener-
ated self-consistently in the underlying turbulent collision-
less wave-particle interaction (for a derivation of the phase-255
space distribution in particular wave-particle interactions cf.,
e.g., Hasegawa et al., 1985; Yoon et al., 2012, yielding time-
asymptotic values of the phase-space power-law index κ de-
pending on wave power Ww).
It may be expected that, with increasing wave levelWw(t),260
a new collisionless equilibrium will be reached where the dif-
fusion process, in finite time t∼ τf , approaches another new
and approximately constant diffusivity
lim
t→ τf
Da(t) −→ Dfina (t& τf )<Dc (11)
for ν−1a (t= 0). τf  ν−1c , with Ww(t& τf ), α[Ww(t&265
τf )] both either constant or oscillating around their time-
averaged mean values
〈
Ww(t& τf )
〉
,
〈
α(t& τf )
〉
, and the
final average diffusion coefficient
〈
Dfina (τf . t. ν−1c )
〉
re-
maining constant. Under such circumstances the diffusion
coefficient in Figure 2 never approaches the classical limit270
but settles instead on its much lower anomalous collisionless
level
〈
Dfina
〉
. The related processes lie outside the present
investigation. We may, however, estimate a lower bound
on the average final diffusion coefficient
〈
Dfina
〉
assuming
τf ≈ ν−1a , which yields275
Dca .
〈
Dfina
〉
(12)
In the following we list a few practical consequences of
our theory which focus on one of the most interesting prob-
lems in collisionless plasma physics, the mechanism of col-
lisionless reconnection of magnetic fields.280
6.1 Resistive scale and relation to reconnection
We may use these arguments to briefly infer about the resis-
tive scale Lν , a quantity frequently referred to in discussions
of diffusion in presence of current flow. It plays a role in
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Fig. 2. Schematic hypothetical evolution of the diffusion coefficient for the case simulated in Figure 1 until the collisional classical diffusion
state would have been reached. Time is measured here in classical collision times ν−1c . Left: The anomalous increase of the diffusion
coefficient with time. The growth of the diffusion coefficient gradually comes to rest after the classical collision time has elapsed. Dotted: A
time dependent nonlinear stationary state never approaching classical diffusion. Right: Time evolution of the average particle displacement
increasing like shown in Figure 1. When approaching the classical collision time, scattering of particles to both larger and smaller displace-
ments widen the displacement range, leading to a reduced increase until the second collision time. Similarly after the second, third, and the
following collision times. Finally, the increase of the displacement settles into linear in time, implying classical or stationary diffusion.
the diffusive evolution of the magnetic field which from the285
induction equation is given in its simplest form
∂B
∂t
=∇×V×B+Dm∇2B, Dm = η
µ0
=λ2eν (13)
The resistive scale is defined as L2ν ∼Dmt=λ2eνt being de-
termined through resistivity η= ν/0ω2e and electron inertial
length λe = c/ωe, with plasma frequency ωe. It tells, at what290
scale resistive diffusion starts affecting the plasma dynamics.
It is interesting to know how the resistive scale evolves
with time in a nonlinearly active though collisionless
medium. Using the expression for the product νat to replace
νt gives295
Lνa
λe
∼
{
Da(t)
Dca
}1/2
∼ (νat)1/α (14)
for the resistive scale in units of λe, expressed through the
(time dependent) diffusion coefficientDa. This indicates that
the resistive scale increases with time from a value Lνa <λe
until Da ∼
〈
Dfina
〉
when Lfinνa ∼ λe approaches the inertial300
scale.
Small (anomalous) resistive scales imply fast magnetic
diffusion as observed in collisionless systems like in recon-
nection. Since in collisionless plasma there is no resistive
diffusion, one concludes that any process causing diffusion305
will readily reduce the resistive scale to values below the
electron inertial scale causing comparably fast dissipation of
magnetic fields and favoring reconnection.
The remaining problem consists in finding an appropri-
ate expression for the equivalent anomalous «collision fre-310
quency» νa under collisionless conditions. Observations
(LaBelle & Treumann, 1988; Treumann et al., 1990; Bale
et al., 2002) do not indicate any presence of sufficiently
high wave amplitudes in collisionless reconnection required
(Sagdeev, 1966, 1979) for the quasilinear generation of315
anomalous resistances. Numerical particle-in-cell simula-
tions (cf., Treumann & Baumjohann, 2013, for a recent re-
view) confirmed instead that in all cases the main driver
of fast collisionless reconnection is the electron «pseudo-
viscosity» implied by the presence of non-diagonal terms320
(Hesse & Winske, 1998; Hesse et al., 1999) in the thermally
anisotropic electron pressure tensor Pe measured in the sta-
tionary frame of the reconnecting current layer and account-
ing for any subtle finite gyro-radius effects in the dynam-
ics of electrons in the inhomogeneous magnetic field of the325
electron diffusion region where electrons perform bouncing
Speiser orbits.
6.2 Gyroviscosity
An expression for the anomalous collision frequency νa that
is equivalent to electron pseudo-viscosity is found referring330
to the volume viscosity µV (or kinematic viscosity µkin =
µV /mN , with N the density) and the molecular collision
frequency νm (Huang, 1987)
µV =NT/νm or µkin =T/mνm (15)
Formally, this allows for the determination of νa when iden-335
tifying µV with the electron volume «pseudo-viscosity» µe
(or kinematic pseudo-viscosity µe,kin = µe/Nme) resulting
from the non-diagonal electron pressure tensor elements, a
quantity which can be determined either from observation or
from numerical particle-in-cell simulations. This yields340
νa≈NTe/µe =Te/meµe,kin (16)
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with N the plasma density and Te the relevant electron tem-
perature for the pressure-tensor induced equivalent anoma-
lous collision frequency. Macmahon (1965) derived an
MHD form of the full pressure tensor including finite ion-345
gyroradius contributions in the limit of very strong magnetic
fields, barely applicable to the weak magnetic field reconnec-
tion site. A simplified version of his expressions neglecting
heat fluxes was given by Stasiewicz (1987) based on the im-
plicit assumption that in strong magnetic fields the mean free350
path is replaced by the ion-gyroradius. In view of reconnec-
tion, this form has been used by Hau & Sonnerup (1991) in
application to rotational discontinuities (for the role of vis-
cosities in viscous fluids cf. Landau & Lifshitz, 1998).
In this form, rewritten for the relevant electron dynamics,355
one has µe' Te/meωce, which identifies νa = νgv ∼ωce as
an electron gyro-viscous MHD collision frequency of the or-
der of the electron cyclotron frequency ωce = eB/me – in-
deed much larger than any Coulomb collision frequency. It
suggests that gyro-viscous superdiffusion means Bohm dif-360
fusion.
6.3 Estimates of transport quantities
Instead, use can be made of available numerical simula-
tions (Pritchett, 2005) which quantitatively determined the
contribution of the electron-pressure tensor-induced pseudo-365
viscosity to the dissipative generation of the parallel electric
field in guide-field reconnection (cf., Treumann & Baumjo-
hann, 2013, for a critical discussion). Pritchett (2005) ob-
tained for the maximum non-diagonal pressure-generated
field E‖,P in the inner part of the reconnection site (or elec-370
tron exhaust region)
E‖,P = (eN)−1 |∇·Pe| . 0.4 VAB0 (17)
where N,B0,VA are the respective density, magnetic field
outside the current layer, and Alfvén velocity based on B0.
The width of the current layer was Ls ∼ 2λi = 2
√
Msλes,375
with simulation mass ratioMs =mi/mes = 64. On using in-
dex s for simulation quantities, real electron masses become
me = rmes, with r= 64/1840. With current J, we may put
E‖,P = ηas|J| ∼ ηas
µ0
B0
Ls
=
λesνasB0
2
√
Ms
(18)
Thus, the anomalous collision frequency corresponding to380
the pressure induced pseudo-viscosity in the simulation of
the reconnection process was of the order of
νas . 0.8
√
Ms (VA/c) ωes = 0.8 ωce,s (19)
with the second form of the right-hand side resulting when
accounting for the identity (VA/c)
√
M = ωce/ωe. In terms385
of real electron masses the last expression becomes
νa = νasr . 0.03 ωce (20)
This value is more than one order of magnitude smaller than
the one of νgv obtained above from gyro-viscous MHD the-
ory, rewritten for electrons. Still, its value is uncertain for the390
unknown dependence on mass ratio of the reconnection elec-
tric field E‖,P in the simulations. Assuming that this depen-
dence is moderate, the agreement is surprisingly reasonable.
For the wanted pseudo-viscosity this gives
µe,kin≈Te/mesνas =Te/meνa& 1.25 Te/meωce (21)395
with the factor r in the denominator canceling, a form similar
to gyro-viscosity for both simulation and real plasma appli-
cations.
Adopting the above numerical estimate of νa, the anoma-
lous diffusion coefficient400
Da(t) = 1.65×10−2Dca (ωcet)1.17 (22)
increases slowly with time measured in electron cyclotron
periods.
6.4 Digression on κ
With the last formula we have, in principle, achieved our405
goal.
However, someone might want to know the explicit form
of the diffusion coefficient. For this one needs to determine
the coefficient Dca, which requires knowledge of 〈x2〉 in the
electron exhaust. Since, from the simulations, no informa-410
tion is available on displacements, one has to refer to model
assumptions for the distribution function p(x).
Among the limited number of such functions available one
may adopt the κ distribution Eq. (1), even though it is rather
improbable that in the tiny reconnection region and for the re-415
stricted reconnection time any stationary κ distributions will
have sufficient time to evolve.
Nevertheless, in the absence of any better choice, one may
tentatively evoke the relation α/2 = κ(κ+d/2)−1 between
α and κ, as proposed from non-extensive statistical mechan-420
ics (Tsallis et al, 1995; Prato & Tsallis, 1999; Bologna et al,
2000; Livadiotis & McComas, 2013) to hold in the superdif-
fusion range α< 2, and apply it as well to our particular re-
connection problem.
Then, on using the measured value of α, we have κ≈ 5.9425
for d= 2. This gives the two-dimensional κ-superdiffusion
coefficient from Eqs. (22), (7), and (9), with squared corre-
lation length `2 = 2Te/meνa, as
Daκ(t)≈ 11 DB (ωcet)1.17 (23)
where DB ≈ Te/meωce is of the order of the Bohm diffu-430
sion coefficient. This value of ten times (!) Bohm diffu-
sion is excessively large, implying the presence of extraor-
dinarily strong anomalous diffusion at the reconnection site
though being not in unacceptable disagreement with excep-
tionally fast spontaneous reconnection. For a Gaussian prob-435
ability distribution one had 〈x2〉= `2d/2 and thus Da(t)≈
DB (ωcet)
1.17.
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It should, however, be kept in mind that the derivation of
the κ-diffusion coefficient Eq. (23) is based on the arbitrary
assumption that the unknown distribution of displacements440
in the narrow electron exhaust would indeed be of the family
of κ distributions. While the determination of the anomalous
collision frequency from the simulations used is very well
justified, there is no observational, nor any theoretical, justi-
fication for this ad hoc assertion, however.445
6.5 Lower limit on νa in reconnection
The above numerical simulation based estimates can be di-
rectly applied to observations of reconnection in the mag-
netotail current sheet in order to infer about the anomalous
collision frequency generated in reconnection. From an ap-450
plicational geophysical point of view this is most interesting.
Observed magnetic fields across the tail plasma sheet vary
between 1 nT<B0 < 10 nT. With these values one obtains
the following range for the anomalous collision frequencies
during reconnection in the plasma sheet:455
4.9 Hz < νa < 50 Hz, ωlh ≈ 4.1 Hz (24)
These reasonably high values follow directly from analysis
of the simulations, compared to the lower-hybrid frequency
ωlh given on the right for the lower valueB= 1 nT only. This
estimated anomalous collision frequency at the magnetotail460
reconnection site is the result of non-stochastic processes in
the electron exhaust diffusion region which generate the out-
of diagonal pseudo-viscous terms in the electron pressure
tensor. It is responsible for the necessary superdiffusion at
the reconnection site which is required in the collisionless465
reconnection process.
The closeness of the lower-hybrid frequency ωlh to the
range of anomalous collision frequencies indicates the colli-
sionless electric coupling between electrons and ions in any
reconnection process.470
In addition, it provides an important lower limit
ωlh .min
rec
(νa) (25)
on νa in collisionless reconnection, thereby a posteriori jus-
tifying the frequently found surprising closeness (e.g., Huba
et al., 1977; LaBelle & Treumann, 1988; Treumann et al.,475
1991; Yoon et al., 2002, and others) to the lower-hybrid fre-
quency of the rough estimates of anomalous collision fre-
quencies from the analysis of spacecraft observations of re-
connection which are necessary to explain the time scale of
the observed dissipation of energy.480
Considered in this spirit, collisionless reconnection is un-
derstood as an equivalent anomalous local super-diffusion
process in collisionless plasma. From a general physical
point of view, this interpretation ultimately re-unifies the ini-
tially considered mutually excluding collisionless reconnec-485
tion and diffusion theories in satisfactory concordance with
fundamental electrodynamics.
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Appendix A
Anomalous spectra and κ distributions
Based on semi-quantitative asymptotic arguments it has640
been argued (Tsallis et al, 1995; Prato & Tsallis, 1999;
Bologna et al, 2000; Gell-Mann & Tsallis, 2004; Livadiotis
& McComas, 2013) that q- and κ-distributions both belonged
to the class of anomalous Lévy-like α-probability spectra Eq.
(2) rendering valid a relation between α and κ of the kind645
used in subsection 6.4 in the present paper.
Below we show by rigorous calculation in two different
ways that these arguments seem doubtful. Apparently q
and κ probability distributions do not belong to this kind
of Lévy-like α-spectra. Their spectral form is substantially650
more complicated.2
2See also endnote No 34 in Bologna et al (2000) where it is ex-
plicitly noted that problems remain with the relation between Lévy
spectra and q distributions, i.e. an unambiguous α[q] relation.
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Probability distribution from kα spectrum
Retransforming the probability spectrum Eq. (2) into real
space requires solving the inverse Fourier integral655
p(α|x)∝ 1
(2pi)3
∫
e−ak
α−ik·xddk (A1)
in d dimensions and properly normalized. Here `k →
k, x/`→ x, a/`α→ a. No general solution is known for
this integral except in the case α= 2. Its solution for arbi-
trary real α ∈ R can be attempted applying the method of660
steepest descent. Aligning k and x, one has d3k= kd−1dk.
Unfortunately, the turning point equation
kαtp + ixktp/aα+(d−1)/aα= 0 (A2)
cannot be solved for arbitrary α. The only two treat-
able cases are α = 2 for all dimensions d, and the one-665
dimensional case d= 1. Only the latter is of interest. (It
is well-known, cf., e.g., Tsallis et al, 1995, for a recol-
lection, that the former trivially reproduces the Gaussian
distribution.) One thus has ktp,d=1 = (−ix/aα)1/(α−1) =
(x/aα)1/(α−1)exp[3pii/2(α−1)], and with d = 1 for the670
above Fourier integral
p(α|x)∝ e
−akαtp−iktpx
2pi
∫
dk e−
1
2aαk
α−2
tp (k−ktp)2 (A3)
The condition that <(kα−2tp )> 0 yields the trivial require-
ment α < 5/2 valid for all interesting cases including the
Gaussian.675
Another condition is obtained from the requirement that
p(α|x) must be a real probability distribution. Setting
=(ktp) = 0 one concludes that αd=1 = 1+3/2n > 1, with
n= 1,2,.... Hence, αd=1 = 52 ,
7
4 ,
3
2 ,
11
8 ,... can assume dis-
crete values only which, for large n, converge to 1.680
For arbitrary d and α= 2−α′≈ 2, i.e. α′ 1, the two ap-
proximate solutions for the turning point become both purely
imaginary k(1,2)tp =−i[2(d−1)/x ; x(1−α′/2)/2a−4(d−
1)/x]. The reality condition for the real space probability
requires treating the complex turning point integral. Even685
close to the Gaussian limit α= 2 calculation of the real space
probability distribution from the hypothetical non-Gaussian
spectrum Eq. (2) is nontrivial, causing serious doubts in the
assumed generality of the kα model spectrum. No further
useful information is obtained.690
The x-dependence of the solution of the d= 1 integral
is contained in the factor (aα/x)(α−2)/2(α−1) which may
be interpreted as the large-x limit of the κ distribution for
d= 1. It can, by comparison, be reconciled only for val-
ues 0<αd=1 = (1−κ)/( 34 −κ)< 52 , yielding 0<κ< 34 , a695
narrow and extreme range only at this dimensionality. The
lower limit on κ gives 43 . αd=1. Imposing the Gaussian
limit α= 2 yields finally 0< κ≤ 12 . This is rather differ-
ent from the Gaussian limit κ→∞ of the κ-distribution, in
principle suggesting that the κ-distribution is not a good de-700
scriptive model of hypothetical probability power spectra of
the type of Eq. (2). This discussion holds for d= 1. Little is
known about the behavior at larger dimensions.
Spectrum of κ distribution
Solving the Fourier integral of the κ-distribution in d di-705
mensions requires requires calculating the integral
pκ(k)∝AκD(d−1)
√
κ
(−ik¯)d−1
∞∫
−∞
p(κ|x¯)e−ik¯x¯dx¯ (A4)
where k¯=
√
κ`k, x¯= x/
√
κ`, and D(d−1) = ∂d−1/∂k¯d−1.
The solution is
pκ(k) ∝ AκD(d−1)
√
κ k¯κ+1−d/2
2κ+1+d/2(−i)d−1 × (A5)710
×
√
k¯/pi
Γ(κ+1+d/2)
K 1
2 (κ+1+d/2)
(
1
2 k¯
)
It is the large argument form of the Bessel function√
k¯/pi Kν(k¯/2) ∝ exp(−k¯/2) which contributes the
wanted exponential factor. However, one finds that α≈ 1
is independent of κ in this case, at least for the long scales.715
(A similar conclusion was presented already in Treumann,
1997). This behavior is not changed by the dimensional
derivatives because of the reproductive property of the expo-
nential. For d= 1, in particular, the derivative disappears and
the spectrum is completely described by the Bessel function.720
Physically it indicates that in the long range the spectrum
corresponding to the κ distribution is indeed, as expected,
far away from Gaussian behavior. It, however, has no sim-
ilarity whatsoever to the model probability spectrum in Eq.
(2). The κ distribution describes strong correlations between725
the particles with, if at all, weak dependence of α on κ (at
the best to higher order).
In order to get a feeling of such a weak dependence one
may manipulate the exponential contributed by the Bessel
function and its frontal k¯ dependent factor in the above ex-730
pression for large k¯ to become
k¯ζ exp−(k¯/2) = exp
[
− 12 k¯
(
1− ln k¯2ζ/k¯
)]
≈ exp
[
− 12 k¯exp
(
−ln k¯2ζ/k¯
)]
(A6)
≈ exp
[
− 12 k¯(1−2ζ/k¯)
]
Again, this exponential reproduces when carrying out the dif-735
ferentiations. Hence one finds approximately for the func-
tional
α[κ]≈ 1−2ζ/k¯, ζ =κ+1−d/2 (A7)
depending on the dimensionality d and the spectral scale k¯.
For d= 1 it is independent of the differential operation. It740
is obvious that α= 2, the Gaussian limit, is not contained in
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this condition which shows that α is small and for large k¯ is
of order α∼O(1), as already inferred above. Moreover, for
large κ one has from this expression α≈ 1−√κ/k explicitly
excluding the limit κ→∞ unless uniformly also k→∞.745
The last condition is satisfied for k¯ > 2ζ only providing
another condition holds,
0<κ<
k2
16`2
[
1±
√
1− 4`
k
(
1− d
2
)]2
≈
(
k
2`
)2
(A8)
which, for instance, yields 0<κ∼ 1 for the modest require-
ment k/`∼ 2, thus identifying a sufficiently large range of750
validity of κ for all three spatial dimensions in treating the
average displacement problem. No independent relation be-
tween α and κ has yet been obtained.
The only way of including the Gaussian limit α= 2 is via
application of renormalization group methods to the func-755
tional Eq. (A7). This procedure yields
α[κ]≈ 2+exp[−(1+2ζ/k¯)] (A9)
which for fixed k and large κ exhibits a dependence α∼
exp(−√κ/k). This form indeed includes the limit lim
κ→∞α=
2. However, it is not of any interest as this limit is approached760
from above, yielding α& 2 for all κ.
One may notice that the exponential power spectrum is
not only approximate here, it has not even been imposed nor
used in the calculation of the power spectrum belonging to
the κ distribution. Hence, if the κ distribution is believed to765
describe power spectra of the type of Eq. (2) invluding the
underlying physical processes, then this can only be taken as
very approximate.
Generally speaking, though the κ-distribution contains the
Gaussian probability for κ→∞, the reconstruction of a sim-770
ple Gaussian probability spectrum from the κ distribution is
not successful.
This is finally seen when straightforwardly taking the large
order expansion of the Bessel function for κ 1. Then the
above spectrum asymptotically behaves as775
pκ(k)∼D(d−1) exp−κ¯η√
κ¯(1+ k¯2/4κ¯2)1/4
(A10)
with κ¯ = 12 (κ + 1 + d/2), and η =
√
1+ k¯2/4κ¯2 +
ln
[
(k¯/2κ¯)
(
1+
√
1+ k¯2/4κ¯2
)]
. It is not obvious how this
spectrum matches an exp(−ak2) function for κ→∞.
Taking κ k yields a dependence∼ exp(−κ¯− k¯2/8κ¯)→780
0 for κ→∞. On the other hand, in the limit k κ for
all fixed κ, one has η ∼ k¯/2κ¯ and thus a dependence ∼
exp−k¯/2.
This α= 1 spectrum had been elucidated already above
and also in Treumann (1997). It represents the asymptotic785
spectral behavior of κ distributions, indicating that asymp-
totically these are practically independent of κ and thus, at
the best, are extreme versions α= 1 of spectra of the form
of Eq. (2), indicating the presence of extraordinarily strong
correlations.790
